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The Standard Galerkin Method for the Heat Equation (’5‘)

We consider the model heat equation:
Heat equation
u—Au=f, inQ, t>0,
(P) u =0, on 092,
u(+,0) = v.

Goals of the chapter:

@ Introduce the standard Galerkin finite element method.

@ Study spatially semidiscrete approximations.

@ Construct fully discrete schemes in time.

@ Derive optimal error estimates.

Strategy: PDE — weak formulation = finite-dimensional problem
Main time discretizations:

@ Backward Euler method; Crank—Nicolson method:

@ Second-order backward difference method (BDF2).
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Sobolev Spaces and Norms @

For Q C RY,
Ly(Q)={v: Q= R| ||v]| < oo},

1/2
lv]| = (/ v? dx) .
Q

H™(Q) = W2 (Q),

with norm

For integer » > 1,

with norm
1/2

loll- = { > 1D%0|I?

la|<r

N 9 aq Pl ag d
() (o) » M=Ye

For functions in H{ (),

Here

clloflr < [Voll < flvfls-

This follows from Friedrichs' inequality. || Vv|| and ||v||1 are equivalent norms.
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Weak Formulation of Poisson's Equation @

Consider
—Au=f inQ, u=0 on 0.

Multiply by a test function ¢ € H} and integrate over Q:

—/Aucpdm:/fgpdx.
Q Q

Using Green's formula:

(vuv ch) = (f> 90)7 Vo € H(%

Inner products:

d
v Ow
(v,w)—/ﬂvwdm7 (Vv,Vw)—/;axjaxjdx

A function u € Hj satisfying (Vu, V) = (f, ) is called the variational solution.
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Elliptic Regularity

It is an easy consequence of the Riesz representation theorem that a unique such
solution exists if f € H~ ', the dual space of Hg.
If ) is smooth, then the solution gains two derivatives:

lulmsz < CllAUm = Cllflm,  m > 1.

In particular:
feH™ =— weH™

If feC, thenu € C*.

Important consequence:
@ Smooth right-hand side = smooth solution.
@ Regularity plays a key role in error estimates.

For convex polygonal domains: |lull2 < C||f]|.

For nonconvex polygonal domains, this may fail.
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Triangulation and Finite Element Space @

Let thus Q2 be a convex domain in the plane with smooth boundary 92, and let 73
be a triangulation of Q. Define

h = max diam(7).
TETH

Assumptions:
@ Angles are bounded below.
@ Sometimes quasiuniformity is assumed: |7| > ch?.
Finite element space:

Sh={x € C(Q) : x| linear, x =0 on 9N} .

Let Pi,..., Py, be interior vertices. Define basis functions ®;: ®;(P;) = d;;. Then
Np,
x(@) =Y a;®;(=).
J=1

The coefficients satisfy a; = x(FP;).
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Interpolation Operator @

For a smooth function v, define the interpolant

Np,

Lo(@) = Y o(P)2; ().

j=1
Then Iyv(P;) = v(P;).

Interpolation error estimates:
v = oll < Ch*|lvll2, IV (Ino = w)l| < Chlfo]l2.
More generally, when v € H*(Q) N H},
nf {llo = xl+RIV@=0ll} < Ok [l

for1 <s<r.

The number 7 is referred to as the order of accuracy of the family {S,}. An
interpolation operator I, : H" N H3 — S}, such that

1 Inv — || + R ||V (Inv — 0)|| < Ch®|jv]ls, forl<s<r.
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Inverse Inequality

For quasiuniform triangulations, finite element functions satisfy the inverse estimate:
=1
IVXII <Ch"Ixll,  Vx € Sh.

Key idea of proof:

@ Transform each element to a reference triangle.

@ Use equivalence of norms on finite-dimensional spaces.
@ Sum over all elements.

Interpretation:

Higher derivatives ~ h™' X lower derivatives.

This estimate is crucial in:
@ stability analysis,
@ fully discrete schemes,

@ maximum norm estimates.

Finite Element Methods
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Galerkin Approximation for Poisson’'s Equation @

Find up € Sh such that
(vuhavx) = (f7 X)7 VX (S Sh~

Galerkin orthogonality:

(V(up —u),Vx) =0, Vx € Sh.

Using basis functions:
Np

up(x) = Za]@j(x).

Then
Np
> @ (VR;, V) = (f,®x), k=1,...,N.
j=1
Matrix form:

Aa = f,

where ajk = (Vq)j, V‘:I)k)
A is symmetric positive definite.
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Error Estimates for the Elliptic Problem @

Theorem (1.1)

Assume that
inf {[lu — x|l + A[V(u =)} < CR|lulls.
XESh

holds. Then, for1 < s <,

lun —ull < Ch*llulls  and  ||Vup — Vu| < Ch*Hluls.

@ Energy norm estimate:
[V(un — )| < inf [[V(x —w)]l.
XESh
@ [-estimate uses the duality argument: Let —Av = ¢. Then
(un —u, ) = (V(un —u), V(i — ¢n)).
Apply:
@ elliptic regularity,
@ interpolation estimate,

@ Galerkin orthogonality.
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Weak Solution of the Heat Equation @

We consider the initial-boundary value problem

ur—Au=f inQ, t>0, u=0 ondQ, t>0, u(-,0) = v.

We say that a function u = u(z,t) is a weak solution on [0, ] if
(ue, ) + (Vu, Vo) = (f,9), Ve € Hy,
holds for ¢ > 0, with
uELz(O,t_;Hé), uteLz(O,t_;H_l),

and with initial value
u(-,0) = v.

Here

d
ov Ow
(v,w)-/ﬂvwdm, (VU’Vw)_/ZlaTlcj(?Tjdx
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Parabolic Regularity Estimate

Since the boundary 92 is smooth, the weak solution is smooth provided the data are

smooth.
This smoothness is expressed by the parabolic regularity estimate

m—+1

t . m t )
S / ||u<”||§<mj>+2dt<c<|v||%m+l+z / |f<ﬂ>||§(mj>dt)7 m >0,
j=0 70 j=070

where

_ j
u) = <%> u, C=Cngs

Thus, sufficiently smooth initial data v and source term f yield higher regularity of
both time derivatives and spatial derivatives of w.

In particular, the solution gains spatial smoothness in a way consistent with the

elliptic regularity of the heat operator.
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Compatibility Conditions at t = 0 @

The regularity estimate above is valid only when the data satisfy suitable
compatibility conditions at ¢t = 0.

These conditions express that the boundary condition and the initial condition are
consistent with each other.
First compatibility condition (m = 0): since

u(t) =0 on 99, t>0,

we must also have u(0) =v =0 on 9.

Second compatibility condition (m = 1): Since the boundary condition holds for all
t > 0, differentiation in time implies ux = 0, on 02. Evaluating the PDE at ¢t = 0,

w(0) = Av + £(0),

hence smoothness requires
Av+ f(0) =0 on 99Q.

Similarly, for higher time derivatives u(™)(0), further compatibility conditions are
needed for m > 2.
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Remarks Q

The above conditions are standard in the regularity theory for parabolic equations.
They ensure that:

@ the prescribed initial value agrees with the boundary condition at ¢ = 0,

@ higher time derivatives are also consistent with the boundary data,

@ the solution enjoys the smoothness needed in later finite element error analysis.

Hence, under smoothness of 92, v, and f, together with the required compatibility
conditions, the weak solution becomes sufficiently regular for the estimates used in the
semidiscrete and fully discrete analyses.
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Semidiscrete Galerkin Method

Spatially semidiscrete problem
Find wp(t) € Sk such that

(Wh) (wn,t, X) + (Vun, Vx) = (f,X),

for all x € Sk, t > 0, with up,(0) = vp.

Expand: N
h
z,t) = a;(t)®;()
j=1
Then
Zaj (®;, D) +Za3 (V®;,VP}) =
Jj=1
Matrix form:

Ba!(t) + Aa(t) = f(1).

Mass and stiffness matrix:

(f, Pk).

bjk = (5, Px),  ajx = (VE;, VOy).
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Ritz Projection @

Define the Ritz projection Ry, : Hj — Si, by
(VRLv,Vx) = (Vv, V), Vx € Sh.

Interpretation:
@ Ry is the finite element approximation of v.
@ Orthogonal projection in the energy inner product.

Error splitting:
up —u =60+ p,
where 0 = up, — Rpu, p = Ryu — u.

Properties:
IV Rio|| < [[Voll,

and
[Rrv — |l + h[|V(Rrv — v)|| < CR®||v]s.
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Semidiscrete Error Estimate @
Theorem (1.2)

Let up, and u be the solutions of (W) and (P), and assume v =0 on 9. Then

t
llun(t) = u@®]l < llva — vl + Ch" (IIUIIr +/ I\UtllrdS) ;o fort>0.
0

Main idea:
up, —u = (up — Rpu) + (Rpu — u) =: 0 + p.

The elliptic part:
le@Il < CR"[[u(®)]l--

For 6:
(01, x) + (VO,VX) = —(pt, X)-
Choose x = 6. Then

d
aIIGH2 +IIVOI* = —(pr, 0).

N —

After integration:

0@ < 16)]] + / el ds.
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Gradient Error Estimate @

Theorem (1.3)

Let up, and u be the solutions of (W) and (P), and assume v = 0 on 0S2. Then
[Vun(t) = Vu(@)||

t 1/2
< CIIV(on — v + CH™" <||v||r+||u(t>||r+(/ Hutniflds) )
0

Key step:
Choose x = 6 in
(Gtvx) + (V@, VX) = _(pta X)

Then
ld

S IVOI2 = (o1, 60).

16:1* +

Hence
—ve|? < 2
lt\l 17 < lloll

Integrating in time yields the estimate.
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Superconvergence @

Assume v, = Rpv. Then 6(0) = 0.
Using the previous estimate:

t 1/2
||ve<t>||so( / ||pt||2ds) .

llpell = [|Rhue — wel| < Ch”|lue|r,

t 1/2
ivol < cn ([ fulias)
0

Observation: Vuy, approximates V Rpu with order O(h"), while Vu;, approximates
Vu only with order O(h"™1).
This phenomenon is called:

Since

we obtain

‘ Superconvergence ‘
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Maximum Norm Error Estimates @

For piecewise linear elements:

[11hv = v]|Loe < CR?||0]lw2,-

Theorem (1.4)
Let up, and u be the solutions of (W) and (P), and assume v =0 on 9. Then

lun = ullLee < Chnlullwz ,

where £, = max(1,log(1/h)).

Ritz projection stability:
[Brv|Loe < ClallvlL -
Parabolic estimate:
llun(t) — w(t)|| L. < C(t,u)hLh.
Important fact:
@ The logarithmic factor ¢;, cannot be removed.

@ Nevertheless, it grows very slowly.
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Backward Euler Galerkin Method @

We introduce a time step k and the time levels ¢, = nk (n > 0), and denote by
U™ = U € Sy the approximation of u(ty).

Backward difference:

S Un _ Un—l
Fully Discrete Backward Euler
Find U™ € S} such that
(BE) (BU™,x) + (VU™,VX) = (f(tn),X), U’ =,

for all x € Sp, n > 1.

Equivalent formulation:

(U™, x) +k(VU",Vx) = (U™ +kf(ta), X).

Matrix form: 0 ~
(B+kA)a™ = Ba™ ™" + kf(tn).

The matrix B + kA is symmetric positive definite.
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Error Estimate for Backward Euler @

Theorem (1.5)

With U™ and u the solutions of (BE) and (P), respectively, we have, if
lvn — || < CR"||v||» and v = 0 on 012,

tn tn
U™ = w(ta)]| < Ch” <||v||r +/ ||ut||rds> n k/ luse|| ds, forn > 0.
0 0

Error decomposition: U™ —u(t,) =0" +p".
Discrete error equation:

(96", x) + (V8",Vx) = —(w", X)-
Consistency error:

W = (R, — DOu(ty) + (Ou(tn) — us(tn)).

Main result:

U™ = u(ta)l| = O(W" + k) |

Backward Euler: e first order in time, e unconditionally stable.
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Crank—Nicolson Galerkin Method Q
Define U™ = % (U” e U"_l) .
Fully Discrete Crank—Nicolson

Find U™ € S} such that

(CN) (oU™, x) + (fo",Vx) = (f(tn_%),x) , U° = vy,

for all x € Sp, n > 1.

Matrix form: (B + 1kA) o™ = (B— 3kA) o™ + kf(tn,%)-

Theorem (1.6)

Let U™ and u be the solutions of (CN') and (P), respectively, and let
lon —v|| < CR"||v||» and v =0 on 8. Then, forn > 0,

tn tn
||U"—u<tn>||sohr(||v||r+ / ||ut||rds)+0k2 [ el + val ds.
0 0

Main result: ‘ U™ = u(tn)|| = O(h" + k) ‘
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Second Order Backward Difference Method @

We define the second order backward difference operator:

3rmn n—1 lym—2
U Ut 44U

- ue(tn) + O(K?).

bu™

Fully Discrete BDF2 Galerkin Method
Find U™ € S}, such that

(BDF2) (DU, x) + (VU™ VX) = (f(tn),x), 7122,

for all x € Sy, with U° = vy,.

The first step U is computed by one backward Euler step:
OU*,x) + (YU, Vx) = (f(t1),)-
Matrix form:

<ZB+ Ic.A) a" = 2Ba"t — %Ba"*2 +kf(t), n>2
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Theorem (1.7)

Let U™ and u be the solutions of (BDF2) and (P), with U° = v}, and U*
defined as above. If ||vp, — v|| < Ch"||v||, and v =0 on 09, then

U,
10" — u(t)]] < CH" (uvnr + ||ut||rds)

k t’l’b
aF Ck/ ||utt|| ds aF Ck2 / ||uttt|| dS, n 2 0.
0 0

Main result:

U™ — u(ty)|| = O(h" + k?) |
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Variable Time Step Backward Euler Method @

Let O =t <t1 < - <tn <, kp =ty —tn 1. DefinegnUn:U"fkifTJL”_l.

Fully Discrete Variable-Step Backward Euler
Find U™ € S}, such that

(VBE) (OuU",x) + (VU™ VX) = (f(tn),x), n>1,

for all x € Sh, with U° = vp,.

Theorem (1.8)

Let U™ and u be the solutions of (VBE) and (P), with U® = vy, such that
lvn —v|| < Ch"||v||» and v =0 on 0. Then, for n > 0,

tn n t;
o7 = el < n (loll+ [ uallds) + 3k [ sl s
Jj=1 j

tj_1

Advantages:
@ adaptive time stepping, efficient for multiscale problems,

@ larger steps when the solution varies slowly.
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