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Definition
Reflexive A Banach space X is called reflexive if the canonical embedding

J: X - X**

is surjective, where X * is the dual space of X and X** is the bidual space.
The canonical embedding J is defined by

(Jz)(f) = f(z), VzxeX, VfeX"

Equivalently, a Banach space X is reflexive if

X = X*.
Ja(f) = f(z)
f(z)
Banach space dual space bidual space
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Variational Problems with Constraints @

Motivation
We consider variational problems with constraints, which arise in many

applications:
@ Incompressible flow: V - u =0,
@ Weak enforcement of constraints, e.g., boundary conditions.

Abstract Setting
Let V and M be reflexive Banach spaces.

@ a:V xV — R: symmetric and coercive,

@ F:V — R: linear functional.
The unconstrained problem:

a(u,v) = F(v), YvéeV,
is equivalent to minimizing the energy functional:

J(v) = %a(v,v) — F(v).
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Lagrange Multiplier Formulation @

Adding Constraints
We impose the constraint:
blu,pu) =0, YueM,
where
b:V xM — R.

Example: incompressibility condition

blu, p) = (V- u, p).
Lagrangian Functional
Introduce the Lagrangian:
L(u, \) = J(u) + b(u, A).

Saddle Point Problem

inf sup L(v, u).
2 o He
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First-Order Optimality Conditions @

Stationarity Conditions
Taking variations with respect to v and p, we obtain:

a(u,v) +b(v,\) = F(v), YveV,
{ b(u, pu) =0, Y e M.
Remarks
@ This is a saddle point problem
@ )\ is the Lagrange multiplier
o Existence of A requires conditions on b

Next Step
These conditions will be characterized by the inf-sup condition.
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Gateaux Derivative: Definition and Examples @

Definition (Gateaux derivative). Let X be a Banach space and J : X — R.
The Gateaux derivative of J at u € X in the direction v € X is defined by

57 (w)[o] 1= lim 20V = I(W)

e—0 €

provided the limit exists.
Example 1 (Quadratic energy). Let

1
= 5/9 |Vul|?® dz.
Then 6J(u)[v] = [, Vu - Vodz.
Example 2 (Nonlinear potential). Let

mz/nmw

where F' is smooth. Then 6.J(u) fQ F'(u)vdz.
Remark. If §J(u)[v] =0 for aII veX, then u is a critical point of J.
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Abstract Saddle Point Problem

Let V and M be reflexive Banach spaces.
We consider bilinear forms:

a:VxV =R, b:V xM—R,

assumed continuous (not necessarily symmetric).
Given f € V*, g € M*, we seek (u,A) € V x M such that:

a(u,v) +b(v,A) = (f,v), YWweV,
b(u, p) = (g, 1), V€ M.

This is called an abstract saddle point problem.

(5)
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Operator Formulation @

Define operators induced by bilinear forms:
A:V=V* (Au,v) = o

B:V = M*, (Bu,u) = b(u, ),

B*: M — V™, (B*Av)=b(v,\).

u,v),

Then the system becomes:
Au+ B*A=f inV*
Bu=g¢g in M*.

1=l

Block structure:
A B*

B 0
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First Observation: If B is invertible @

If B:V — M* is invertible, then:
@ From Bu = g, we directly determine w,
@ Substitute into Au 4+ B*\ = f to obtain A,
@ Hence existence and uniqueness follow immediately.

Conclusion: Invertibility of B would make the problem trivial.
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R
Realistic Case: Nontrivial Kernel (’5‘)/

In applications, B is usually not invertible.
Define the kernel:

kerB={ueV : blu,pu) =0, Yu € M}.
Example:
Bu=V-u = kerB = {divergence-free fields}.
Hence:

@ u is only determined up to ker B,

@ uniqueness must be studied carefully.
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Solvability Mechanism @

From the system:
Au+ B*)\ = f, Bu = g,
we observe:
@ u must satisfy compatibility with g,
@ uniqueness of u requires control on ker B,
@ existence of A\ depends on B*.
Key structural requirements:
@ A injective on ker B,

@ B* surjective onto V*-compatible subspace.
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Key Theoretical Tool @

These conditions are naturally expressed by the:

Banach—Necas—Babuska (BNB) theorem.

It replaces invertibility with an inf-sup condition, ensuring:
@ existence of solution,
@ uniqueness of solution,
@ stability estimate.

This is the fundamental framework for mixed finite element methods.
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From BNB to Saddle Point Problems @

We first recall the variational framework:
Let V, M be reflexive Banach spaces.
Given bilinear forms:

a:VxV =R, b:VxM—=R,
we consider the saddle point problem:
a(u,v) +b(v, ) = (f,v), YweV,
b(u, 1) = (g, 1) Vp € M.
Goal: extend Theorem 8.1 (BNB) to this coupled system.
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Recall: Banach—Necas—Babuska (Theorem 8.1) @

Lleta:UxV =R, FeV*.
Assume:

o Inf-sup condition:
a(u,v)
inf sup

>c >0
wel vey Jullololly

o Continuity:

|a(u, v)| < eoflullulvllv,  [F@)] < eslollv
o Injectivity:
a(u,v) =0Yu = v=0

Conclusion: there exists a unique solution with stability estimate.
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Brezzi Splitting Theorem @

Theorem (Brezzi splitting theorem)
Assume that
a:V xV — R satistfies the conditions of Theorem 8.1 for U =V = ker B
and
b:V x M — R satisfies for § > 0 the condition

b
inf sup . 1) Z
neM yev |[vllv[|pllar

Then there exists a unique solution (u,\) € V- x M to (S) satisfying

lullv + [[Allar < C (I f]

v+ [lgllar-) -

Condition (ii) is an inf-sup condition for B* (since the infimum is taken over
the test functions p ) and is known as the Ladyzhenskaya-Babuska-Brezzi (LBB)
condition. Note that a only has to satisfy an inf-sup condition on the null space of

B, not on all of V, which is crucial in many applications.
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Galerkin Approximation of Saddle Point Problems @

Setting. Let V' and M be Hilbert spaces, and consider the mixed/saddle point
problem: find (u,\) € V' x M such that

CL(U, U) + b(va) = <f7 U>V*,V7 Yu € ‘/7
b(U7M>:<9>M>M*,Ma VMGM
To construct a finite-dimensional approximation, choose subspaces
Vi CV, My, C M,
and seek (up, A\p) € Vi, X M}, satisfying

a(un, vn) + b(vn, An) = (f,vn)ve v, Yon € Vi,
(Sh)
b(un, pn) = (g, n) M=, M Vpn € Mp.
This is the Galerkin approximation of the saddle point problem and is also
called a mixed finite element method.
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Why Compatibility Is Needed @

The spaces V}, and M}, cannot be chosen independently. In saddle point
problems, the discrete spaces must satisfy a compatibility condition in order to
guarantee stability and solvability.

A key point is that even if

Vi, CV, My C M,
the discrete operator induced by the bilinear form b(-,-) may not behave as the
restriction of the continuous operator. In particular:
@ the image of Vj, under B may not lie in M},
@ the discrete kernel ker B, may not coincide with ker B NV},

@ the discrete inf-sup condition does not automatically follow from the
continuous one.
Therefore, stability of the method depends on a suitable pairing of the discrete

spaces.
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Discrete Operators and Stability Conditions @

Define the discrete operator By, : V}, — M analogously to the continuous
operator B. The discrete saddle point problem is stable if the following two
conditions hold.

Theorem
Assume there exist constants ay,, B, > 0 such that
mf osup ) o
un€ker By y, cker By, [Unlly [[vnlly
b
inf  sup M > By

un €M v, e vy, [[onlly llenllag —

Then there exists a unique solution (up, \p,) € Vi, X M}, to (Sp) satisfying

lunlly + 1Anllar < CR) (I fllve + llgliae-) -

Interpretation. The coercivity condition on ker Bj, controls the primal
variable on the discrete constraint space, while the inf-sup condition guarantees
that the multiplier space Mj, couples correctly with V.
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Proof Idea for Discrete Well-Posedness (’5‘)

The proof follows directly from the abstract saddle point theory in finite
dimensions.

Because V}, and Mj, are finite-dimensional, the discrete version of the Banach—
Necas—Babuska theorem applies once the two stability conditions are available.

The key idea is:

@ the coercivity of a(-,-) on ker By, prevents degeneracy in the primal part,

o the discrete inf-sup condition for b(:,-) guarantees the solvability of the

constraint equation,

o together they imply existence, uniqueness, and stability of the discrete pair
(Up,y AR).

Thus, the finite element approximation is stable only if the discrete spaces are

chosen in a compatible way.
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Nonconforming Nature of the Discrete Approximation @

Even though V;, C V' and M} C M, the method is generally nonconforming
in the saddle point sense.
The reason is that:
B(Vn) & My,

in general, so the discrete operator By, is not simply the restriction of B.
Moreover, one may have
ker By, ¢ ker B,

so the discrete kernel can be larger or structurally different from the continuous
kernel.
As a result, the discrete inf-sup condition must be verified independently. This

is one of the central issues in mixed finite element analysis.
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Fortin Criterion @

Theorem (Fortin criterion). Assume the continuous LBB condition holds.
Then the discrete LBB condition is satisfied if and only if there exists a linear

operator
I, : V=V,
such that
b(ITpv, up) = b(v, pp) Yup € My,
and

Irvllv < wallvllv Yv eV,

for some constant ~y;, > 0.

Meaning. The operator II;, preserves the action of b(:,-) on the discrete
multiplier space. Such an operator is called a Fortin projector.

If v, can be chosen independently of h, then the discrete inf-sup constant is
also independent of h.
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Proof.
Assume that such a IIj, exists. Since ranll;, C V},, we have for all u, € My, C M
that

i B DI WICHLT) ey o
vV onlly " wev Mavlly T vev mllvllv T
which implies the discrete LBB condition. Conversely, if the discrete LBB
condition holds, the operator By, : V}, — M; as defined above is surjective and
has a continuous right inverse. Furthermore, for any v € V' we can consider

Bv € M* as a linear functional on M}y C M only. Hence for any v € V, there
exists a 7y € Vj, such that By, (my) = Buly,, € My, ie., b(mh, up) = b (v, pur) for
all Lp € My € M, and

Bnllmnlly < |1Bullar; < Cllollv

We thus obtain the desired operator by defining II;, as the (linear) mapping
V= Th. ]
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A Priori Error Estimate @

Céa-type estimate for saddle point problems.

Theorem
Assume that the discrete stability conditions hold, i.e., there exist constants
an, Brn > 0 such that

b
mf osup U)o sy i)
un€ker Br. v, eker By, |[Unllv [|vnllv un€Mn v, evy, [[onllv [lpnllas
Let (u,A\) € V x M be the exact solution and (up, \p,) € Vi, X M), be the discrete

solution. Then there exists a constant C'(h) > 0 such that

= A=A < C(h inf = inf ||A— .
= il + 1 = e < 00 (int u=willy + i, 1A= sl )

Interpretation. The total error is controlled by the best approximation errors
of u and A in the discrete spaces V}, and Mj,.

This result is the saddle point analogue of Céa’ s lemma: stability (inf-sup +
coercivity) together with approximation properties completely determine the

convergence rate.
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Error Estimate for the Primal Variable @

If the discrete kernel satisfies
ker By, C ker B,
then the primal error can be estimated independently of the multiplier.
Corollary
If ker By, C ker B, then there exists a constant C'(h) > 0 such that

lu —unlly, <C(h) inf flu—whly
wp €V

This result is especially useful when one is mainly interested in the primary
unknown u.
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Summary @@ﬂ
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Stable discretization = well-posedness = convergence.
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Mixed Methods for the Poisson Equation (’5‘)

Model problem. Consider the Poisson equation with homogeneous Dirichlet

boundary condition
—Au=f inQQ, u=0 on O0f.

To derive a mixed formulation, introduce the flux variable ¢ = Vu. Then the

equation can be rewritten as the first-order system

Vu—o0 =0,
—V.o=f.
This system can be formulated in two different variational ways:

o primal mixed method, obtained by integrating by parts in the second

equation;
@ dual mixed method, obtained by integrating by parts in the first equation.

These two formulations illustrate the general mixed finite element theory in a
very simple setting.

Qi Li (Chang'an University) Finite Element Methods



Primal Mixed Method: Variational Formulation

In the primal approach, integrate by parts in the equation
—V.o=Ff.
We look for (o,u) € L?(Q)™ x H}(£2) such that
(o,7) — (1,Vu) =0, Ve L*(Q)",
{ —(0,Vv) = —(f,v), Vv e Hj(Q).
This fits the abstract saddle point framework with
Vi=L*Q)", M:=H}Q),
and bilinear forms
a(o,7) = (0,7), b(r,v) = —(7, Vo).

The role of the unknowns is: B o is the flux variable in L2(Q)", B u is the

scalar potential in HJ ().
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Kernel of B in the Primal Mixed Method

For the primal mixed formulation of the Poisson equation,
V=L*Q)", M=Hy{Q), brv)=—(r,Vv),
the operator B : V. — M?* is defined by
(B1,v) = b(1,v) = — (1, Vv).
ker B = {r € L*()": (1,Vv) =0, Yo € Hj(Q)}.
Equivalent characterization. Since
(1, Vv) = —(divT,v) (in weak sense),

we obtain
ker B = {r € L*(Q)" : divr = 0 (in distribution sense)} .

Geometric interpretation.
ker B = (VHE ()" C LX(Q)",

i.e., the space of vector fields that are orthogonal to all gradient fields.
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Primal Mixed Method: Stability @

The bilinear form a(-,-) is coercive on the whole space V = L?()":

a(0,0) = [lollZ2(qyns
so the coercivity constant is o = 1.
To verify the LBB condition, let v € Hi (). Choosing
T=-Vv e L*(Q)" =V, gives
b(,v) —(7, Vo) (Vu, Vu)

sup = sup > = |v|g1(q)-
sev Il rev [Tle@e — IVollzz@)n &)

Using the Poincaré inequality,

[v] 1) > 051“”HH§(Q)>

hence the LBB constant is 3 = cg .
Therefore the abstract saddle point theory yields existence and uniqueness of
the solution.
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Primal Mixed Finite Element Method @

Choose a shape-regular affine triangulation 73, of Q. For k > 1, define
Vi = {Th S LQ(Q)n g Th|K S ,Pkfl(,Kv)n7 VK € 771},
My, := {vn € C°(Q) : wp|k € Pi(K), VK € T} N H}(Q).

Then
Vi, CV, M;, C M.

Since a(-,-) is the L? inner product, coercivity on V}, is immediate.
Moreover,
VM, C Vy,

because the gradient of a continuous piecewise polynomial of degree k is piecewise
polynomial of degree k — 1.
Hence the L2 projection IIj, : V — V}, satisfies that given o € V,

b(HhO', Uh) = 7(Hh0, V’Un) = 7(0’, V'Un) = b(O’, ’Uh) Yoy, € Mh, (V’Uh € Vh),

so the Fortin criterion holds and the discrete LBB constant is independent of A.
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Primal Mixed Method: Consequences @

Since the Fortin criterion is satisfied, the discrete inf-sup constant is uniform in

Bn > B> 0.

Therefore the primal mixed finite element method is stable and admits a
unique solution
(a;“uh) eV, x My,

Combining the discrete stability with the standard interpolation estimates gives
a priori error bounds of the form

lo = anllzz@n + llu = unllar@) < CR* (loll e + lullar+(e) ,

under the usual regularity assumptions.
This example shows how the abstract theory translates into a concrete and
stable mixed finite element scheme.
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Dual Mixed Method: First-Order System @

Instead of integrating by parts in the second equation, we integrate by parts in
Vu—o=0.
To make this meaningful, we introduce the space
HW(Q) = {r e L*(Q)": divr € L*(Q)},
with graph norm
||7'H%1div(9) = 7172y + 1 div 71720y

7€ HW(Q) C L%(Q) has a well-defined normal trace (7]sq - v) € H™ 2 (99).
For 7 € HYV(Q) and w € H(Q), the integration by parts formula holds:

/(div7)wdaz+/T~dex:/ (t-v)wds,
Q Q o9

where v is the outward unit normal.
A key point is that piecewise smooth vector fields with continuous normal
traces across interfaces belong to H4V(Q).
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Dual Mixed Method: Variational Formulation @

Using the boundary condition u|gn = 0 and integrating by parts in the first
equation, we look for (o,u) € HY(Q) x L?() such that

(o,7) + (divr,u) =0, V7€ HIV(Q),

(divo,v) = —(f,v), Vv € L2(9).
This is again a saddle point problem with
V:=HW"Q), M:=L*Q),

and

a(o,7) = (0,7), b(r,v) = (divT,v).

Notice that the Dirichlet condition (u|sq = 0) now appears as a natural
boundary condition in the weak formulation.
—(Vu—o0,7) =(0,7) = (Vu,7) = (0,7) + (divr,u) — / (T-v)uds,
o0
=(o,7) + (div 7, u)
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Dual Mixed Method: Coercivity and LBB Condition @

The kernel of the operator B is
ker B = {r € H"™(Q): (divr,v) =0 Vv € L*(Q)}.
Since div 7 € L*(Q) and thus ||div 7]|72 ) = 0, it follows that
divr =0 for all 7 € ker B.
Hence, on ker B,
a(r,7) = I7lZaayr = 17130y

so a is coercive with constant o« = 1.
To prove the LBB condition, one needs the surjectivity of

B: HW(Q) — L*(Q)*.
This is typically established by constructing a vector field with prescribed

divergence, under suitable assumptions on € such as convexity or C'' boundary

regularity.
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A Right Inverse of the Divergence Operator

Lemma (Lemma 10.6)
For any f € L*(Q), there exists a function T € H'(Q)" with divt = f and
ITlar @ < Clifllez@)-

Proof.
Due to the regularity of €2, we can apply elliptic regularity theory. For given
f € L?(Q), there exists a solution u € H?(Q) N HE () to the Poisson equation

(Vu, Vo) = (f,v) Yo € H}(Q),

satisfying the estimate ||u|g2(q) < C||f||L2(). Now define 7 := —Vu. Since
u € H%(Q), we obtain 7 € H(Q)". Moreover,

(f,v) = —(1, Vv) Vv € Hy(Q).

Hence, by the definition of weak divergence, divT = f. The a priori bound on 7
then follows from the fact that ||Vul| g1y < [|ullg2(0)-
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Verification of the LBB Condition @

Using Lemma 10.6, let v € M = L?(€)). There exists 7, € H*(Q)" C HYV(Q)
such that div 7, = v and ||7,|| g1y < C|lv]|L2(q)-

Then
b(r,v) _ (div 7, v) S (div 7y, v)
rev ITllv  rev ITllgav@) = 7ol mav)
__ [y (v,v) ol 1
" Irollzav@) = Irollai@ = Clivllzzey vl @)
Therefore,
inf sup b(7, v) > 1

veM rev [Irllviivliar = O

Hence the LBB condition holds with 3 = C~1.
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Well-Posedness of the Mixed Problem @

Therefore, we obtain that the mixed formulation admits a unique solution

(o,u) € H¥(Q) x L?(2). Moreover,
lollmav ) + lullz2@) < Cllfllze@)-

Initially, the mixed theory only gives u € L%(£2). However, using the first mixed

equation,
(o,7) + (divr,u) =0,

one can show:

@ wu possesses weak derivatives,

@ integration by parts recovers the boundary condition,

o therefore u € H(9).

Thus the mixed formulation is equivalent to the classical weak formulation of

Poisson’s equation.
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Finite Element Discretization @

We now construct conforming finite element discretizations of V' and M. Let
Tr be a shape-regular affine triangulation of Q C R™. We seek conforming finite
element spaces
Vi C HY(Q), M, c L*(Q).

For the scalar variable, choose discontinuous piecewise polynomials:
My, = {v, € L*(Q) : vp|x € Po(K) VK € Tp}.
For the flux variable, we need a space satisfying:
@ continuity of normal components across interfaces,
@ surjectivity of the discrete divergence operator, div Vj, = M.

The classical choice is the Raviart—Thomas space.
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Raviart—Thomas Finite Elements

Definition (Raviart—Thomas Space)

Define
Vi={m € HYY(Q): 7|k € RTH(K) VK € Th}
where
RT(K) = Pu(K)" 4+ 2Py (K) = RTi(K) = Po(K)" ® zPY(K),
where

P)K) = Z Ca" 1o ER
|| =k

is the space of homogeneous polynomials of degree k.

Thus every function in RT)(K) has the form
Th(x) = p1(z) + = pa2(z),
with p1 € Pu(K)", p2 € Pi(K).

Qi Li (Chang'an University) Finite Element Methods



Properties of Raviart—Thomas Elements @

Lemma (Lemma 10.7)
For 3, € RT(K), we have:
div 73, € Pi(K),
for every face F C OK, 1| - vp € Py(F).

Explanation.
@ Property (i) guarantees compatibility with M}, = Py, (K).
@ Property (ii) guarantees continuity of normal traces across interfaces.
@ Therefore, Vj, C HYV(Q).

Recall: for any face F', x - vp(x) is constant on F', which simplifies the proof.
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Dimension of the Raviart—-Thomas Space @

The Raviart—=Thomas space has dimension

(k+ 1)(k + 3), n=2,
dim RTy(K) = { |
Sk+Dk+2)(k+4), n=3.

To construct a finite element, we must specify exactly this number of degrees
of freedom.

The degrees of freedom are divided into:
@ face moments,
@ interior moments.

The face moments enforce continuity of normal components across

neighboring elements, which is the key requirement for

HY (Q)-conformity.
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Degrees of Freedom of the Raviart—Thomas Element

For each face F; C 0K, define
Ni (1) =/ (7 v3) gij ds,
F,

i

where {g;;} is a basis of Py(F}).

If k> 1, define additional interior moments:
No (1) = / T - g dz,
K
where {g;} is a basis of P,_1(K)™.
Interpretation.
@ Face moments determine the normal trace.

@ Interior moments determine the remaining tangential information.

@ Together they uniquely determine the polynomial vector field.
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. . ‘/;g\
Unisolvence of the Raviart-Thomas Element @

Lemma
If 7, € RT(K) satisfies N; j(15) = 0 for all i, j, then 1, = 0. J

Let K = {(z,y) : x>0, y >0,  +y < 1} be the reference triangle.
RTy(K) element.
Since RTy(K) = Py(K)? + Py(K), every function has the form

a s a—+ cx
7(z,y) = (b) aF (y) c= <b+cy> .

divt = 2c € Py(K).

Its divergence is

Degrees of freedom:
Ni(T):/ T-v;ds, 1=1,2,3.
F;

Hence dim RTy(K) = 3.

Qi Li (Chang'an University) Finite Element Methods



RTy(K) Element @

Since RTy(K) = P1(K)? + P (K), a general function can be written as
a1 + a2z + asy z(c1 + coz + c3y)
7'((1)7 y) = + 0
b1 + bax + bgy y(er + c2z + csy)

Its divergence satisfies
divr € P (K).

Degrees of freedom:
o Edge moments:
/(T~V)qu, q € P (F).
F
Each edge contributes 2 DOFs.
@ Interior moments:
/ T - qdzx, q € Py(K)>.
K
There are 2 interior DOFs.
Therefore, dim RT3 (K) =3 x2+2=28.
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RT\(K) = P(K)? + 2P, (K).

= a1 + a2x + aszy
P\ by + bz + bay

), P2 = C1 + C2T + C3Y.
Then 7 = p; + x po that is,

T({E y) [ + asx + a3y + c1x + 02302 + c3xy
’ bi + box + b3y + c1y + coxy + c3y? )

After rearranging,

a1 + diz + asy + cox? + czxy
T(z,y) = )

by +box + day + coay + c3y®
where d; = as + ¢1, do = bz + ¢1.
Hence there remain only 8 independent coefficients:
ai, di, as, ca, c3, by, ba, do.
Therefore, dim RT3 (K) = 8. Equivalently, a basis of RT3 (K) can be written as

= o)-(0)-6)-(2) (7)) ) €
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Summary: Primal vs. Dual Mixed Methods @

Primal mixed method

e Spaces: V = L}(Q)", M = H}(9Q),

o Flux variable in L2,

e Gradient coupling through b(7,v) = —(7, Vv),

@ Stable discrete spaces can be built using standard C? finite elements for w.
Dual mixed method

Spaces: V = HYV(Q), M = L?(Q),

Flux variable has square-integrable divergence,

Divergence coupling through b(7,v) = (div T, v),

Conforming approximations require H (div)-conforming elements.

Both formulations are special cases of the abstract saddle point theory:

coercivity on ker B + LBB condition = well-posed mixed method.
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Mixed Formulation of the Stokes Equation @

Consider the Stokes problem:
—Au+Vp=Ff in Q,
divu =0 in Q,
with boundary condition w =0 on 0.
Here u : velocity, p : pressure.

Define
V =Hj(Q)? M=L}Q) = {q €L*(Q): / gdx = o}.
The weak mixed formulation reads: 4
Find (u,p) € V x M such that
a(u,v) + b(v,p) = (f,v) Yv eV,
blu,q) = 0 Vg € M,
where a(u,v) = [, Vu : Vode, b(v,q) = —(¢,divv).
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Taylor—Hood Finite Element Pair @

A classical stable mixed finite element pair for the Stokes equation is the
Taylor—Hood element.

Choose
Vi, = {vn € H)(Q)? : up |k € Po(K)*},
and
My, = {aqn € L§Q) : qn|x € Pi(K)}.
That is, « quadratic velocity approximation, e linear pressure approximation.

The discrete problem becomes:

Find (un,pn) € Vi, x My, such that

a(un,vp) + b(vp, pr) = (f,vn) Yoy, € Vi,
b(un,qn) =0 Yan € My,
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