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FINITE ELEMENT SPACE

Finite element methods are a special case of Galerkin methods, where the
finite-dimensional subspace consists of piecewise polynomials. To construct
these subspaces, we proceed in two steps:

1. We define a reference element and study polynomial interpolation on
this element.

2. We use suitably transformed copies of the reference element to partition the
given domain and discuss how to construct a global interpolant from local
interpolants on each element.

We then follow the same steps in proving interpolation error estimates for
functions in Sobolev spaces.
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Finite Element @

We follow Ciarlet's definition of a finite element (Ciarlet 1978).

Definition

A finite element is a triple (K, P, ) where

(i) K C R™ is a simply connected bounded open set with piecewise smooth
boundary (the element domain, or simply element if there is no possibility
of confusion);

(i) P is a finite-dimensional space of functions defined on K (the space of
shape functions);

(i) M= {Ny,...,Ng} is a basis of P’ (the set of nodal variables or degrees of
freedom).

v

Here P’ denotes the algebraic dual of P, i.e., the space of linear functionals on
P. As we will see, condition (iii) guarantees that the interpolation problem on K
using functions in P - and hence the Galerkin approximation - is well-posed. The

nodal variables will play the role of interpolation conditions.
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Definition
Let (K,P,N) be a finite element. A basis {11, ...,14} of P is called dual basis
or nodal basis to NV if N; (¢;) = d;;.

For the linear finite elements in one dimension, K = (0,1), P = P; is the space of
linear polynomials, and A/ = { Ny, Ny} are the point evaluations N (v) = v(0),
Na(v) = v(1) for every v € P. The nodal basis is given by ¥ (z) =1 — 2 and
Po(x) = .

Condition 3 is the only one that is difficult to verify. The following lemma

simplifies this task.

Let P be a d-dimensional vector space and let {Ny,..., Ny} be a subset of P’.

Then the following statements are equivalent:
(a) {N1,...,Ngq} is a basis of P';
(b) ifv € P satisfies N;(v) =0 for all 1 < i < d, then v = 0.
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Proof.
Let {¢1,...,¢q} be some basis for P.{Ny,..., N4} is a basis for P’ if and only if
for any L € P’, there exist (unique) a;, 1 < i < d, such that
L=ayN1+...+aqNy4
(because d = dimP = dim P’ ). Using the basis of P,
yi =L (¢;) = a1N1 (¢5) + ...+ aaNa(¢s), i=1,...,d

Let B = (N; (¢:)),4,j =1,...,d. Thus, (a) is equivalent to Ba: = y is always
solvable, which is the same as B being invertible.

On the other hand, given any v € P, we can write v = 81¢1 + ...+ Bapq- Njv =0
means that 81 N; (¢1) + ... + BaN; (¢a) = 0. Therefore, (b) is equivalent to

BiN; (¢1) + ...+ BalN; () =0 fori=1,....d
= f1=...=B4=0.
Let C = (N;(¢;)),%,j =1,...,d. Then (b) is equivalent to Cz = 0 only has
trivial solutions, which is the same as C being invertible. But C = B”. Therefore,
(a) is equivalent to (b). O
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Note that (b) in particular implies that the interpolation problem using
functions in P with interpolation conditions A is uniquely solvable.

Definition
We say that N determines P if 1) € P with N(¢)) =0 VN € N implies that
b = 0.

To construct a finite element, one usually proceeds in the following way:
choose an element domain K (e.g., a triangle),
choose a polynomial space P of a given degree k (e.g., linear functions),

choose d degrees of freedom N' = {Ny,..., Ny}, where d is the dimension of
‘P, such that the corresponding interpolation problem has a unique solution,

compute the nodal basis of P with respect to AV.

The last step amounts to solving for 1 < j < d the concrete interpolation
problems N; (v;) = d;;.
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Lemma (Polynomial division)

Let L # 0 be a linear-affine functional on R™ and P be a polynomial of total
degree d > 1 with P(x) = 0 for all x with L(x) = 0. Then there exists a
polynomial Q) of total degree d — 1 such that P = LQ.
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Triangular Elements

Z3

L, L,

21 L; V) 21 26 22 Zh Z2 23 24
(a) linear Lagrage element (b) quadratic Lagrange element (c) cubic Lagrange element

Figure: Triangular finite elements. Filled circles denote point evaluation, open circles
gradient evaluations.

Triangular elements Let K be a triangle and P, = {Zlalﬁk Cal® : Co € R}
denote the space of all bivariate polynomials of total degree less than or equal &,
e.g., Py =span{l,z1,39,2%, 23,2122 }. It is straightforward to verify that P,
(and hence P}, ) is a vector space of dimension $(k + 1)(k + 2). Two types of
interpolation conditions: function values (Lagrange interpolation) and gradient

values (Hermite interpolation).
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Linear Lagrange elements (’5‘)

Let £ =1 and take P = P; (hence the dimension of P and P’ is 3) and
N = {N;, Ny, N3} with N;(v) = v (z;), where z1, 22, 23 are the vertices of K. We
need to show that condition (iii) holds.

Suppose that v € P satisfies v (z1) = v (22) = v (23) = 0. Since v is linear, it
must also vanish on each line connecting the vertices, which can be defined as the
zero-sets of the (non-constant) linear functions Ly, Lo, L3. Hence, by Lemma
Polynomial division, there exists a constant (i.e., polynomial of degree 0 ) ¢ such
that, e.g., v = cLy. Now let z; be the vertex not on the edge defined by L;. Then

0=v(z1)=cLi(z1)

Since Ly (z1) # 0 (otherwise the linear functional L; would be identically zero),
this implies ¢ = 0 and thus v = 0.
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Quadratic Lagrange elements @

Let kK = 2 and take P = P2 and N2 = {N1, Na, ..., Ng} (dim P2 = 6) where

3

v (i vertex ), i=1,2,3,

N;(v) = § v( midpoint of the (i — 3) edge ),

i=4,5,6. o n h

( or any other point on the ¢ — 3 edge )

We need to check that N5 determines P>. Let L1, Ly and L3 be non-trivial linear functions that
define the edges of the triangle.

Suppose that P € P2 vanishes at 21, 22, ..., 26. Since P|L1 is a quadratic function of one
variable that vanishes at three points, P =0 on L. By Lemma Polynomial division we can
write P = L1Q1 where deg@1 = (degP) —1 =2 —1=1. But P also vanishes on Lg.
Therefore, L1Q1|L2 = 0. Hence, on Lg, either L1 = 0 or Q1 = 0. But Lj can equal zero only
at one point of Lg since we have a non-degenerate triangle. Therefore, Q1 = 0 on Lg, except
possibly at one point. By continuity, we have Q1 = 0 on Ls.

By Lemma Polynomial division, we can write Q1 = L2Q2, where deg Q2 = (deg L2) —
1=1-1=0. Hence, Q2 is a constant (say c), and we can write P = cL1L3. But P (z6) =0
and zg does not lie on either L1 or Lo. Therefore,

0=P(z5) =cL1(2)L2(z6) = c=0

since L1 (z6) # 0 and Ly (z6) # 0. Thus, P = 0.
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Cubic Lagrange elements @

Let £k =3 and take P = P3. Let N5 = {N;:i=1,2,...,10(= dimPs)}
where

N;(v) =wv(z), i=1,2,...,9(z; distinct points on edges) ] /f\i\ .
and ZL:// Zm\i'z
N1p(v) = v( any interior point ). A"

We show that A3 determines P3. Let L, Ly and L3 be non-trivial linear
functions that define the edges of the triangle.

Suppose that P € Ps vanishes at z; for i = 1,2,...,10. Applying Lemma
Polynomial division three times along with the fact that P (z;) = 0 for
1=1,2,...,9, we can write P = cLiLyL3. But

0=P (210) = CL1 (210) L2 (210) L3 (2’10) — c=0
since L; (z10) # 0 for i =1,2,3. Thus, P =0.
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O
General Lagrange elements (’5‘)/

In general for k > 1, we let P = Pg. For N, = {N;:i =1,2,...,

1(k+1)(k +2)}, we choose evaluation points at

3 vertex nodes,
3(k — 1) distinct edge nodes and
1
i(k — 2)(k — 1) interior points.
(The interior points are chosen, by induction, to determine Pj_3.) Note that

these choices suffice since
1
3+3(k—1)+§(k—2)(k—1)
1 1 1
=3k + 5 (B =3k +2) = 5 (K + 3k +2) = S(k+ 1)(k +2) = dim P,

//.\\ Fd
/ N s Y
PR / .
/ \ .
A RN
// \\ /ﬂ
e . . LY r Y
A % A S
k=5

k=4

Figure: quartic and quintic Lagrange triangles.
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s
Cubic Hermite elements @

Let P = P3. Let "e" denote evaluation at the point and "
(O " denote evaluation of the gradient at the center of the
circle. Note that the latter corresponds to two distinct nodal
variables, but the particular representation of the gradient is
not unique. We claim that N' = {Ny, N, ..., N1g} determines &
Ps (dim Ps = 10) .

Let Ly, Lo and L3 again be non-trivial linear functions that define the edges of
the triangle. Suppose that for a polynomial P € P3, N;(P) =0 for
1=1,2,...,10. Restricting P to Ly, we see that z5 and z3 are double roots of P
since P (z2) =0, P’ (22) =0 and P (z3) =0, P’ (z3) = 0, where ’ denotes
differentiation along the straight line L. But the only third order polynomial in
one variable with four roots is the zero polynomial, hence P = 0 along L.
Similarly, P = 0 along Lo and L. We can, therefore, write P = ¢L1LoL3. But

0=P (24) =cl;q (2’4) Lo (2’4) L3 (2’4) — c=0
because L; (z4) # 0 for i = 1,2, 3.
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Rectangular Elements

24 23 ‘ L3 : L4
27 "z 29
L, Ly @z Sy P26
L |
1 . Ll ————— .
Z1 2> 21 22 23
(a) bilinear Lagrange element (b) biquadratic Lagrange element

Figure: Rectangular finite elements. Filled circles denote point evaluation.

Rectangular elements For rectangular elements, we consider the vector space
(tensor-product)

Qr =1 ¢ps (1) g5 (22) : ¢; €R,pj,q; € Py
i

of products of univariate polynomials of degree up to k, which has dimension

k+1)2(eg., Qs =span{l,x, 29, 2170, 2372, 7123, 2%, 23}).
1 1, T2
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Bilinear Lagrange elements

@

Let K be any rectangle, P = Q; (hence the dimension of P and P’ is 4) and

N = {Ny, N, N3, Ny} with N;(v) = v (2;), where 21, 2o, 23, 24 are the vertices of
K.

Suppose that the polynomial P € Q; vanishes at 21, 29, 23 and z4. The
restriction of P to any side of the rectangle is a first-order polynomial of one
variable. Therefore, we can write P = ¢Lq Lo for some constant ¢. But

0=P(z4) =cLy(24) La(za) = ¢=0
since Ly (z4) # 0 and Ly (z4) # 0. Thus, P = 0.
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Biquadratic Lagrange elements @

Let K be any rectangle, P = Q5 (hence the dimension of P and P’ is 9) , and
N ={Ny,...,Ng} with N;(v) = v (z;), where 21, z2, 23, 24 are the vertices of
K, z5, zg, 27, 28 are the edge midpoints and zg is the centroid of K.

Suppose that a polynomial P € Qs vanishes at z;, for i = 1,...,9. Then we
can write P = ¢y Ly L3L4 for some constant c. But

0=P (Zg) =cln (29) Lo (29) L3 (Zg) Ly (Zg) — ¢=0
since L; (z9) # 0 for i =1,2,3,4.
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Interpolant @

We wish to estimate the error of the best approximation of a function in a
finite element space. An upper bound for this approximation is given by stitching
together interpolating polynomials on each element.

Definition (Local interpolant)

Let (K,P,N) be a finite element and let {11, ...,14} be the corresponding
nodal basis of P. For a given function v such that N;(v) is defined for all
1 < i < d, the local interpolant of v is defined as

d
Tgv = Ni(v)y;
i=1

The local interpolant can be explicitly constructed once the nodal basis is
known. This can be simplified significantly if the reference element domain is
chosen as, e.g., the unit simplex.
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Example

23(0, ].)
Let K be the triangle depicted in Figure, P = P,
N = {N1, Ny, N3}, and f = e*¥. We want to Lo I
find Zx f.
21(0,0) L3 22(1, 0)

By definition, Z f = N1(f)$1 + Na(f)¢2 + N3(f)¢s. We must therefore
determine ¢1, ¢o and ¢3. The line L, is given by y = 1 — . We can write
¢1 =cL; =c¢(1 —x —y). But Ni(¢1) = 1 implies that ¢ = ¢; (21) = 1, hence
¢1 =1—x —y. Similarly, ¢o = = and ¢3 = y. Therefore,
Ixf=Ni(f)Q—2z—y)+ Na(f)z + N3(f)y
=l—-ax—y+ax+y (since f=e"Y)
=3

Qi Li (Chang'an University) Finite Element Methods



Properties of the local interpolant

Lemma
Let (K,P,N) be a finite element and Tk the local interpolant. Then

the mapping v — Ly is linear;
N; (Zgv) = Ni(v),1 <4 < d;

Ik (v) =w for all v € P. In particular, Tk is a projection (idempotent), i.e.,

T2 = Tg.

Proof.
The claim (i) follows directly from the linearity of the N;. For (ii), we use the
definition of Zx and ; to obtain

d d

N; (Igv) = ZN i | =D Ni@)Ni () = ) Nj(v)8i; = Ni(v)

j=1 j=1
for all 1 <4 < d and arbitrary v. This implies that N; (v — Zxv) = 0 for all
1 <4 <d, and hence by Lemma Polynomial division that Zxv = v and
I3 f =TIk (I f) = Ik [ since Zx f € P. Therefore (iii) holds.
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Global interpolant @

We now use the local interpolant on each element to define a global
interpolant on a union of elements.
Definition (Subdivision)
A subdivision of a bounded open set {2 C R™ is a finite collection 7 of open sets
K; such that

B K,NK;=0ifi#j;
U, K; = Q.

Definition (Global interpolant)

Let 7 be a subdivision of € such that for each K; there is a finite element
(K, P;, N;) with local interpolant Zg,, and let m be the order of the highest
partial derivative appearing in any nodal variable. Then the global interpolant
Zrv of v € C™(Q) on T is defined by

(Z1v)|k, = Ik,v  forall K; €T,
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Let Q be the square. The triangulation 7 consists of
the two triangles 77 and 75, as indicated. The finite
element on each triangle is the Lagrange element. The
dual basis on T} is {1 — = — y,z,y} and the dua
basis on Ty is {1 — x,1 —y,z +y — 1}. Let f =
sin(m(z +y)/2). Then

T+y on T}

Irf =
2—x—y onTy

24(0, 1) z3(1,1)
T
T
21(070) 22(170)
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Triangulation @

To obtain some regularity of the global interpolant, we need additional
assumptions on the subdivision. Roughly speaking, where two elements meet, the
corresponding nodal variables have to match as well. For triangular elements, this
can be expressed concisely.

Definition (Triangulation)
A triangulation of a bounded open set 2 C R? is a subdivision 7 of €2 such that
every K; € T is a triangle;

no vertex of any triangle lies on an edge of another triangle (i.e., no hanging

nodes).

Similar conditions can be given for n > 3 (tetrahedra, simplices), in which case
one usually also speaks of triangulations. Note that this supposes that 2 is
polyhedral itself. (For non-polyhedral domains, it is possible to use curved
elements near the boundary.)
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C™ finite element space @

Definition (Continuity)
A global interpolant Z7 has continuity order r (in short, "is C"") if

Zrv € C"(Q) for all v € C™(Q) (for which the interpolation is well-defined). In

this case, the space
Vr={Zrv:veC™Q)}

is called a C" finite element space.

In particular, to obtain global continuity of the interpolant, we need to make
sure that the local interpolants coincide where two element domains meet. This
requires that the corresponding nodal variables are compatible.
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© o LB
C? finite element space @

Theorem

The triangular Lagrange and Hermite elements of fixed degree are all C° elements
(i.e., lead to C° finite element space). More precisely, given a triangulation T of
), it is possible to choose edge nodes for the corresponding elements

(K;,Pi, N;) , K; € T, such that Zrv € C°(Q) for all v € C™ (L)), where m = 0
for Lagrange and m = 1 for Hermite elements.
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In order to obtain global interpolation error estimates, we need uniform bounds
on the local interpolation errors. For this, we need to be able to compare the local
interpolation operators on different elements. This can be done with the following
notion of equivalence of elements.

Definition
Let (K,ﬁ,/\?‘) be a finite element and T : R” — R"™ be an affine transformation,

ie., T: 2+ Az + b for A € R™ ™ invertible and b € R™. The finite element
(K,P,N) is called affine equivalent to (K, P, N) if

K={Ai+b:%€K}
’P:{ﬁoT_lzﬁGﬁ}
N = {Ni;Ni(p):]\Afi(poT) for all p € P}.

A triangulation T consisting of affine equivalent elements is also called affine.
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@ It is a straightforward exercise to show that the nodal bases of P and P are
related by 1@ =1p; o T. Hence, if the nodal variables on edges are placed
symmetrically, triangular Lagrange elements of the same order are affine
equivalent, as are triangular Hermite elements.

@ The same holds true for rectangular elements. Non-affine equivalent elements
(such as isoparametric elements) are useful in treating elements with curved

boundaries (for non-polyhedral domains)
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Interpolation equivalent (’5‘)

The advantage of this construction is that affine equivalent elements are also
interpolation equivalent in the following sense.
Lemma
Lemma 4.13. Let (K, P,N) and (K, P, N) be two affine equivalent finite

elements related by the transformation Ty . Then,

If( (”U o TK) = (IK”U) O TK

Proof.
Let ¢; and v; be the nodal basis of P and P, respectively. By definition,

IK(UOTK ZN UOTK ﬂ)z ZN inTK):(IKU)OTK.

=1

Given a reference element (K, P, N), we can thus generate a triangulation 7
using affine equivalent elements. O
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