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Inner-product space
Definition
A bilinear form, b(-,-), on a linear space V is a mapping b: V x V — R such
that each of the maps v — b(v,w) and w +— b(v, w) is a linear form on V. It is
symmetric if b(v, w) = b(w,v) for all v,w € V. A (real) inner product, denoted
by (-,-), is a symmetric bilinear form on a linear space V' that satisfies

(v,v) > 0Vv €V and

(v,v) =0<=v=0.

Definition
A linear space V together with an inner product defined on it is called an
inner-product space and is denoted by (V, (:,-)).

oV = Rna (Zl?,y) = Z?:l ZiYis
o V=L*Q), QCR", (u,v)2(0) = [ u(z)v(x)da;
o V=W"r2(Q), QCR", (u,v)) = Z\a|§k(D u, D*v) 12 (q);
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Theorem (Schwarz Inequality)

If (V,(-,-)) is an inner-product space, then
|, 0)] < (u,u)?(0,0)12.

The equality holds if and only if u and v are linearly dependent.

Proposition

|lv|| :== v/ (v,v) defines a norm in the inner-product space (V, (-,-)).
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Definition (Hilbert space)

Let (V,(:,-)) be an inner-product space. If the associated normed linear space
(VI - |]) is complete, then (V (-,-)) is called a Hilbert space.

Definition (subspace)

Let H be a Hilbert space and S C H be a linear subset that is closed in H.
(Recall that S linear means that u,v € S;a € R = u+ v € S.) Then S is
called a subspace of H.

Proposition
If S is a subspace of H, then (S, (-,+)) is also a Hilbert space.

Proof.

Proof. (S, || - ||) is complete because S is closed in H under the norm || - ||.
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Examples of subspaces of Hilbert spaces @

H and {0} are the obvious extreme cases.

Let T: H — K be a continuous linear map of H into another linear space.
Then ker T is a subspace.

Let x € H and define 2+ := {v € H : (v,z) = 0}. Then z= is a subspace of
H. To see this, note that z+ = ker L,, where L, is the linear functional
L,:v— (v,2).
By the Schwarz inequality,
| Lo (v)] < [lzll|v]
implying that L, is bounded and therefore continuous. This proves that z+

is a subspace of H in view of the previous example.
Let M C H be a subset and define M+ := {v € H : (z,v) =0Vz € M}.

Note that
M+ = ﬂ zt
rzeM

and each 1 is a (closed) subspace of H. Thus, M is a subspace of H.
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Proposition
Let H be a Hilbert space.
For any subsets M,N C H,M C N = N+ c M+.
For any subset M of H containing zero, M N M+ = {0}.
{0}+ =H.
H* = {0}.

Theorem (Parallelogram Law)

Let || - || be the norm associated with the inner product (-,-) on H. We have

I+ wl® + [l = wil* = 2 (lo]]* + [lw]|?) -
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Projections onto Subspaces @
An essential geometric fact about Hilbert spaces.
Proposition

Let M be a subspace of the Hilbert space H. Let v € H\M and define

0 := inf{|jv —w|| : w € M}. (Note that § > 0 since M is closed in H.) Then there
exists wyg € M such that

llv —wol| =6, i.e., there exists a closest point wy € M to v, and

v—woeMl.

Given a subspace M of H and v € H, we can write v = wg + w1, where
wo € M and wy (= v —wg) € M+.

@ This decomposition of an element v € H is unique. In fact, from

1
wo+w; =v =29+ 21, Wy, 2 €M, wy,z €M

we obtain M > wg — 29 = — (wy — 21) € M*. Since
M N M+ = {0},wy = 2o and w; = z;. This shows that the decomposition is
unique.
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@ Therefore, we can define the following operators
Py:H—M, Pj;:H-— Mt
where the respective definitions of Py and Pj; are given by

v ifve M, N 0 ifve M,
PMU: PMU:

wo ifve H\M; v—wy ifve H\M.

Proposition

Given a subspace M of H and v € H, there is a unique decomposition
v = Pyv+ Pyav
where Pyy : H — M and Py : H — M-+ In other words,

H=Mo M.

The operators Py; and P;;. defined above are linear operators.
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Definition
An operator P on a linear space V is a projection if P? = P (idempotent
property), i.e., Pz = z for all z in the image of P.

Remark
The fact that Py is a projection follows from its definition. That Pj; is also

follows from the observation that Pj; = Py;1.
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Riesz Representation Theorem

@

Given u € H, recall that a continuous linear functional L, can be defined on
H by

Ly(v) = (u,v).
The following theorem proves that the converse is also true.

Theorem (Riesz Representation Theorem)

Any continuous linear functional L on a Hilbert space H can be represented
uniquely as

L(v) = (u,v)

for some uw € H. Furthermore, we have

LNz = [l &

Proof.
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Remark

According to the Riesz Representation Theorem, there is a natural isometry
between H and H' (u € H <— L,, € H'). For this reason, H and H’ are often
identified. For example, we can write W3 (Q) = W, ™ (Q) (although they are
completely different Hilbert spaces). We will use 7 to represent the isometry from
H' onto H.
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Formulation of Symmetric Variational Problems @

To get existence and uniqueness results for variational formulations of
boundary value problems.
Definition
A bilinear form a(-,-) on a normed linear space H is said to be bounded (or
continuous) if 3 C' < oo such that

la(v, w)| < Cllollmlwlla  Vo,w € H,

and coercive on V C H if 3 o > 0 such that

a(v,v) > alv||} YweV.
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Proposition
Let H be a Hilbert space, and suppose a(-,-) is a symmetric bilinear form that is
continuous on H and coercive on a subspace V of H. Then (V,a(,-)) is a Hilbert

space.

o

Proof.

An immediate consequence of the coercivity of a(-,-) is that if v € V' and
a(v,v) = 0, then v = 0. Hence, a(-,) is an inner product on V.

Now let ||v]|z = \/a(v,v), and suppose that {v,} is a Cauchy sequence in
(VoI - ll). By coercivity, {v,} is also Cauchy in (H,|| - |/z). Since H is

complete, 3 v € H such that v, — v in the || - ||z norm. Since V is closed in
H,veV. Now, ||[v—uv,|z </c1l|lv — vy g since a(-,-) is bounded. Hence,
{vn} = vinthe | - ||g norm, so (V)| - ||g) is complete. O

v
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In general, a symmetric variational problem is posed as follows. Suppose that
the following three conditions are valid:

(1) (H,(-)) is a Hilbert space.
(2) Vis a (closed) subspace of H.

C
(&) (3) af(:,-) is a bounded, symmetric bilinear form

that is coercive on V.

Symmetric Variational Problem
Given F' € V/, find u € V such that

(W) a(u,v) = F(v) YweV.

Theorem

Suppose that conditions (1) - (3) of (C1) hold. Then there exists a unique u € V'
solving the symmetric variational problem (W).

v

Proof.

a(-,-) is an inner product on V' and that (V,a(-,-)) is a Hilbert space. Apply the
Riesz Representation Theorem. ]
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Ritz-Galerkin Approximation Problem

(Ritz-Galerkin) Approximation Problem
Given a finite-dimensional subspace V}, C V and F' € V/, find u;, € V}, such that

(Wh) a(up,v) = F(v) Yv € V.

Theorem

Under the conditions (1)-(3) of (C1), there exists a unique uy, that solves the
(Ritz-Galerkin) approximation problem (W},).

Proof.
(Vi,a(-,-)) is a Hilbert space in its own right, and F'|;, € V}. Apply the Riesz

Representation Theorem. ]
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Galerkin Orthogonality @

Proposition (Fundamental Galerkin Orthogonality)

Let w and uy, be solutions to Symmetric Variational Problem (W) and
Ritz-Galerkin Approximation Problem (W},) respectively. Then

a(u—up,v)=0 YveV,.

Corollary

lu = un|l g = minyey,, [u —vl/z.
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Ritz Method
Remark (The Ritz Method)

If a is coercive and symmetric, u € V satisfies (W) if and only if w is the

minimizer of 1
J(v) := §a(v,v) — F(v),

over all v € V.

Proof.
For any u,v € V and t € R
J(u+tv) = J(u) + t(a(u,v) — F(v)) + ga(v, v)
due to the bilinearity and symmetry of a. Assume now that u satisfies a(u,v) — F'(v) = 0 for all
v € V. Then setting t = 1, we deduce that for all v # 0,
T+ v) = J(w) + sa(,0) > J(@) + Lol > I
Hence, u is the unique minimizer of J. Conversely, if u is the (unique) minimizer of J, every

directional derivative of J at w must vanish, which implies that

d
0= —J(u+tv) 0T a(u,v) — F(v)

for allv € V. O
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Formulation of Nonsymmetric Variational Problems @

B

A nonsymmetric variational problem is posed as follows. Suppose that the

following five conditions are valid:

(1) (H,(-,-)) is a Hilbert space.

2) V is a (closed) subspace of H.
(Cs) 3) a(+,-) is a bilinear form on V, not necessarily symmetric.
4)
)

a
a(-,-) is continuous (bounded) on V.
9) a

(
(
(
(5) a(-,-) is coercive on V.

Nonsymmetric variational problem
Given F' € V| find w € V such that

(Ws) a(u,v) = F(v) YveV.

(Galerkin) approximation problem

Given a finite-dimensional subspace V}, C V and F € V/, find u;, € V}, such that

(Wh2) a(up,v) = F(v) Yv eV,
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An Interesting Example. Consider the boundary value problem
—u" +u' +u=f onl0,1 «(0)=u'(1)=0.
One variational formulation for this is: Take

V = H0,1)

a(u,v) :/0 (W' +u'v+uv)de, Fv)=(f,v).

Note that a(-,-) is not symmetric because of the u'v term.
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To prove af(-,-) is continuous, observe that

1
/ v'vdx
0

<l [ollars + [l 2 lollz> (Schwarz' inequality)

|a(u, v)| < |(w,0) 1| +

< 2fful| g [|v]

Therefore, a(:,-) is continuous (take ¢; = 2 in the definition).
To prove af(-,-) is coercive, observe that

1
a(v,v) = / (v +v'v +0?) da
0

e 2 IR
:5/ (v +v) dx+§/ (v' +v2)dm
0 0

1
Sl

%

Therefore, a(-,-) is coercive (take co = 1/2 in the definition).
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Lemma (Contraction Mapping Principle)
Given a Banach space V' and a mapping T : V — V, satisfying

[Tv1 — Twa|| < M [lvr — o2
for all vi,vo € V' and fixed M,0 < M < 1, there exists a unique uw € V' such that
u = Tu,

i.e. the contraction mapping T has a unique fixed point u.

Remark

We actually only need that V' is a complete metric space in the lemma.
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The Lax-Milgram Theorem @

To prove the existence and uniqueness of the solution of the (nonsymmetric)

variational problem (W5). The Lax-Milgram Theorem guarantees both existence
and uniqueness of the solution.

Theorem (Lax-Milgram)

Given a Hilbert space (V, (-,-)), a continuous, coercive bilinear form a(-,-) and a
continuous linear functional F' € V', there exists a unique v € V such that

a(u,v) = F(v) YveV.

Proof.

For any u € V, define a functional Au by Au(v) = a(u,v) Yv € V. Auis linear
since

Au (avy + Bug) = a (u, avy + o)
= aa (u,v1) + Ba (u,vs)

= aAu (v1) + fAu (v2) Yvi,v2 € Vo, €R.
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Continued proof.

Aw is also continuous since, for all v € V,
|Au(v)| = |a(u,v)| < C|lull||v],
where C' is the constant from the definition of continuity for a(:,-). Therefore,

|[Au(v)]

[[o]]

| Aully: = sup < Cllull < .
v#0

Thus, Au € V’. Similarly, one can show that the mapping u — Awu is a linear map
V' — V. Here we also showed that the linear mapping A: V — V' is
continuous with [|A| v,y < C.
Now, by the Riesz Representation Theorem, for any ¢ € V' there exists unique
T¢ € V such that ¢(v) = (7¢,v) for any v € V. We must find a unique u such
that

Au(v) = F(v) YveV.
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Continued proof.

In other words, we want to find a unique w such that
Au=F (inV'),

or
TAu=71F (inV),

since 7: V' — V is a one-to-one mapping. We solve this last equation by using
Contraction Mapping Principle. We want to find p # 0 such that the mapping
T :V — V is a contraction mapping, where T is defined by

Tv:=v—p(tTAv—7F) YveV.

If T'is a contraction mapping, then by Contraction Mapping Principle, there
exists a unique u € V such that

Tu=u—p(tAu — 7F) = u,
that is, p(tAu —7F) =0, or TAu = 7F. N
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Continued proof.

It remains to show that such a p # 0 exists. For any vy,vs € V, let v = v1 — vs.
Then

| Tvr — Twa||® = |Jv1 — v2 — p (TAvy — TAv,)|?
= [[o — p(r Av)|?
= ||v||® = 2p(TAv,v) + p*||TAv||> (7, A are linear)
= [|v]|* — 2pAv(v) + p* Av(TAv)  (definition of T)
= [lv]|* — 2pa(v,v) + p*a(v,TAv)  (definition of A)
< [loll* = 2padlv]* + p*C|lvlll| 7 Av]

(coercivity and continuity of A)
< (1—2pa+ p°C?) |jv||* (A bounded, T isometric)
= (1-2pa+ p°C?) ||vy — v |?
= M? |lvg — va®.

Here, « is the constant in the definition of coercivity of a(,-). O
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Continued proof.
Note that ||7Av|| = ||Av|| < C||v|| was used in the last inequality. We thus need

1 —2pa+ p*>C? < 1 for some p, ie.,
p (pC? —2a) <0
If we choose p € (0,2@/02) then M < 1 and the proof is complete. O

Remark

Note that [|u|ly < (1/a)||F ||y where « is the coercivity constant.
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Corollary

Under conditions (C3) , the variational problem has a unique solution.

Proof.
Conditions (1) and (2) of (C5) imply that (V, (-,-)) is a Hilbert space. Apply the
Lax-Milgram Theorem. O

v

Corollary

Under the conditions (C2) , the Galerkin approximation problem has a unique
solution.

Proof.

Since V}, is a (closed) subspace of V, (C5) holds with V' replaced by V;,. Apply
the previous corollary. O

V.

Remark
Note that V}, need not be finite-dimensional for approximation problem to be
well-posed.

Qi Li (Chang'an University) Finite Element Methods



TN

Estimates for General Finite Element Approximation @

Let u be the solution to the variational problem and wu;, be the solution to the
approximation problem. We now want to estimate the error ||u — uy|;,. We do so
by the following theorem.

Theorem (Céa)

Suppose the conditions (C3) hold and that u solves variational problem. For the

finite element variational problem we have
o~ unlly < < min
uU—u — min [|u — v
hilv: = o veEV, Ve

where C' is the continuity constant and « is the coercivity constant of a(-,-) on V.
”

Proof.
Since a(u,v) = F(v) for all v € V and a (up,v) = F(v) for all v € V}, we have
(by subtracting)

a(u—up,v)=0 YveV,.
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Continued proof.

For all v € V3,
allu— uh||%, <a(u—up,u—up) (by coercivity)
=a(u—up,u—v)+a(u—uyv—up)
=a(u—up,u—uv) (since v —up € V)
< Cllu —un|ly lu—v|v. (by continuity)
Hence,
C
lu = unlly < —llu=vlv Vo€ Va.
Therefore,

C
_ < = inf lu—
= unlly << inf flu—ollv

C
=— mln llu —v|lv  (since V}, is closed)
o veV)
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Remark
Céa’s Theorem shows that uy, is quasi-optimal in the sense that the error
|l — unll; is proportional to the best it can be using the subspace V.

In the symmetric case, we proved
lu—unllgp = s lu—vlEe.
Hence,
= unlly < —= llu — un
u—u — |l —u
hilly = \/a rllE

1
= ﬁ gelln lu—vlle

A/ = ¢ min |lu — v||
- a veEV), v

C
< = mm lu —v||v
o VeV

A

the result of Céa's Theorem. This is really the remark about the relationship
between the two formulations, namely, that one can be derived from the
other.

v
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