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Function Spaces @

As we have seen, the regularity of the solution of partial differential equations
plays a crucial role in how well it can be approximated numerically. This regularity
can be described by the two properties of (Lebesgue-) integrability and
differentiability.

Definition (Lebesgue spaces)
Let €2 be an open subset of R™, n € N. We recall that for 1 <n < oo,

LP(Q) := {f measurable : || f||rr) < oo}
with
ey = ( [ @Pdz)” for1<p <,
Q
Hf||L°°(Q) ‘= esssup |f($)|,
x€Q

are Banach spaces of (equivalence classes up to equality apart from a set of zero

measure of ) Lebesgue-integrable functions.
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Famous and useful inequalities

Minkowski's Inequality
For 1 <p<ooand f,g € LP(Q), we have

If +gllze@) < Ifller) + ll9llLr(o)-

Holder's Inequality
For 1 < p,q < oo such that 1 = 1/p + 1/q, (with co~! := 0) if f € LP() and
g € LY(Q), then fg € L}(Q) and
gl ) < I fllze)llgllLac)-
For bounded €, this implies that LP(Q2) < L9(f2) for p > q.

Schwarz's Inequality
This is simply Holder's inequality in the special case p = q = 2, viz. if
f,9 € L*(Q) then fg € L*(Q) and

/Q F@g(@)) de < || fllzz@llollz2.
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We now consider functions which are continuously differentiable. It will be
convenient to use a multi-index

a:=(ag, - ,a,) €N,

for which we define its length |a| := Y7 ;, to describe the (partial) derivative
of order |a,

o 6‘°‘|f LlyeeoyTp
D f(a:l,...,xn):z al,(il(lax%n )
For brevity, we will often write 9; := a%i. We denote by C*(9) the set of all
continuous functions f for which D f is continuous for all |o| < k.

If 2 is bounded, C*(€Q) is the set of all functions in C*(Q) for which all D* f
can be extended to a continous function on Q, the closure of 2. These spaces are
Banach spaces if equipped with the norm

Ifllor@y = Y sup |D*f(2)].

la| <k e
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Support @

Let us introduce the concept of the support of a function defined on some
domain in R™. For a continuous function, u, this is the closure of the (open) set
{z : u(z) # 0}. If this is a compact set (i.e., if it is bounded) and it is a subset of
the interior of a set, 2, then wu is said to have “compact support” with respect
to Q.

Define C%(Q) as the space of all f € C*(Q) whose support (the closure of
{z € Q: f(z) #0}) is a compact subset of €2, as well as

@ = () k@)
k>0

(and similarly C*°()) .

We will also use the space

Li,e(Q) :={f: fl € L'(K) for all compact K C Q}.
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Weak derivative @

If we are interested in weak solutions, it is clear that the Holder spaces entail a
too strong notion of (pointwise) differentiability. All we required is that the
derivative is integrable, and that an integration by parts is meaningful. This
motivates the following definition: A function f € L}, .(£2) has a weak derivative
if there exists g € L} () such that

loc

(11) / o(@)p(@)de = (~1)I* / f(2) D () de

for all ¢ € C§° ().

In this case, the weak derivative is (uniquely) defined as D*f := g. For
f € C*¥(), the weak derivative coincides with the usual (pointwise) derivative
(justifying the abuse of notation), but the weak derivative exists for a larger class
of functions such as continuous and piecewise smooth functions.
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Example @

Take Q = [—1,1], and f(x) =1 — |z|. We claim that Df exists and is given by

g(m):{l z <0,

-1 x>0.

To see this, we break the interval [—1, 1] into the two parts in which f is smooth,
and we integrate by parts. Let ¢ € C§°(2), then

/_ @) (@)io = /_ @0 @)+ / f

z)dz + fo|°, - /0 (~1)p(x)da + fo|.

- [ +1eta)

_ [ 9(2)o(a)dz + f6(=0) — [6(+0)

1

[ s@ss
0

because f is continuous at
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s e 2 (A)
Relationship of classic derivatives and weak derivative (&)

Lemma
If u € C1°1(Q), then its weak derivative D“u exists and is given by the

corresponding classical derivative.

One can see that roughly speaking, the new definition of the derivative is the
same as the old one wherever the function being differentiated is regular enough.
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Sobolev spaces

Using the notion of weak derivative, we define the Sobolev spaces.

Definition
Let k be a non-negative integer, and let f € L}, (). Suppose that the weak
derivatives D¢ f exist for all |a| < k. Define the Sobolev norm

1/p

1 lwac) = | D 1D 00

|| <Kk
in the case 1 < p < oo, and in the case p = oo
I lwe @) = D IDaflli~o)
lor| <k

In either case, we define the Sobolev spaces via

WE(Q) = {f € Lioel®) : I lwpe) < o]
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We shall also use the corresponding semi-norms

1

P

|f|W’w(Q) o= Z ||D3;f||1£p(9) for 1 < p < oo,
la|=k
|f|W’wx>(Q) o= Z ||D31f||LOO(Q) )
|| =k

W} (€2) can be written as W*?(€2) as well. When p = 2, W*2(Q) is written
as H*(Q). Usually, || f|lx.2,0 and | flx.2.q are replaced by || f{|x,o and |f] o, or
even || f[[x and |f|,, when no confusion.
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Completeness of Sobolev spaces @

Theorem

The Sobolev space W*?(Q) is a Banach space for 1 < p < co, while H™(S2) is a
Hilbert space, with the inner product

(@ V)m = Y (D, D).

la|<m

This theorem shows that Sobolev space is complete.
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Theorem

Let Q) be any open set. Then C°°(Q) N W*P(Q) is dense in W*P(Q) for p < co.
If Q is a domain with Lipschitz boundary, then C>(Q) N W*P () is dense in
WkP(Q) for p < co.

This theorem indicates that the closure of C°°(£2) under the norm || - [|yyx.» ()
is the space W**(Q). Motivated by this, the closure of C5°(£2) under the norm

| - llww.»(q) is defined to be the space Wé’p(Q). Wg’p(Q) is also a Banach space.
And we have

WP (Q) = {v € WFP(Q); D* =0 on 99 for all @ with || <k —1}.
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Inclusion Relations @

The following properties will be useful:

Proposition

Suppose that ) is any domain, k and m are nonnegative integers satisfying
k <m, and p is any real number satisfying 1 < p < oco. Then

WmP(Q) C WhP(Q)

Proposition
Suppose that Q) is a bounded domain, k is a nonnegative integer, and p and q are
real numbers satisfying 1 < p < q < co. Then W"1(Q) c W*P(Q)

However, there are more subtle relations among the Sobolev spaces. For
example, there are cases when k < m and p > ¢ and W™4(Q2) C W*P(Q). The
existence of Sobolev derivatives implies a stronger integrability condition of a
function. Before we state the result, we must introduce a regularity condition on
the domain boundary for the result to be true.
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Smoothness of the boundary @
Definition

Let © be open and bounded in R?, and let V denote a function space on R4~1.
We say 0€2 is of class V' if for each point xg € 02, there exist an r > 0 and a
function g € V such that upon a transformation of the coordinate system if
necessary, we have

QN B (xg,r) ={x € B(xo,r);xq> g (1, - ,Tq-1)}-

Here, B (xo,r) denotes the d-dimensional ball centered at xy with radius 7. In
particular, when V' consists of Lipschitz continuous functions, we say € is a
Lipschitz domain. When V consists of C* functions, we say Q is a C* domain.

v

.\‘d=g(.\‘,,m,.\‘“)
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Another description @

Definition
A function f : Q@ — R™ is Lipschitz continuous in (2 if there is a constant C' > 0
such that

If(@) = f@Il < Cllz =yl Vz,y € 2 CR?

where d and m are two positive integers.

Definition
A hypersurface in R is a graph if it can be represented by a function g in the form
xT; = g(acl,...,xi_l,xiﬂ,...,xd),(xl,...,mi_l,xi+1,...,md) E D

for some i(1 < i < d) and domain D C R¢~1.

Definition
A domain Q C R? is termed a Lipschitz domain if for each x in the boundary T
of , there is an open subset O, C R¢ containing z such that O, N T can be

represented by the graph of a Lipschitz continuous function.
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Examples @

Figure: Smooth domains

Figure: Lipschitz domains
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Examples

-~
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Figure: Non-Lipschitz/crack domains
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Extension theorem @

Theorem

Suppose that 2 has a Lipschitz boundary. Then there is an extension mapping
E : WkP(Q) — WkP (R") defined for all non-negative integers k and real
numbers p in the range 1 < p < oo satisfying Ev|g, = v for all v € W*?((2) and

[Evllwe.r@ny < Cllvllwer @)

where C' is independent of v
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Sobolev's inequality @

Theorem (Sobolev's inequality)

Let 2 be an n-dimensional domain with Lipschitz boundary, let k be a positive
integer and let p be a real number in the range 1 < p < oo such that

k>n when p=1
k>n/p when p>1

Then there is a constant C such that for all u € WkP((2)

[ell oo ) < Cllullwe.ro)-

Moreover, there is a continuous function in the L°° () equivalence class of w.

This result says that any function with suitably regular weak derivatives may
be viewed as a continuous, bounded function. When n = 1, Sobolev’ s inequality
says that the integrability of first-order derivatives to any power p > 1 is sufficient
to guarantee continuity.
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Corollary

Let Q be an n-dimensional domain with Lipschitz boundary, and let k and m be
positive integers satisfying m < k and let p be a real number in the range
1 < p < oo such that

k—m>n when p=1
k—m>n/p when p>1

Then there is a constant C' such that for all u € WP (Q)
[ullwm.e (@) < Cllullw.r)-

Moreover, there is a C™ function in the LP(QY) equivalence class of u.

Remark

If 0 is not Lipschitz continuous, then the Sobolev's Inequality does not hold.
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Embedding between function spaces @

Definition
Let V and W be two Banach spaces with V' C W. We say the space V is
continuously embedded in W and write V' — W, if

lvllw < Cllv|ly Vv e V.

We say the space V' is compactly embedded in W and write V << W, if above
inequality holds and each bounded sequence in V' has a convergent subsequence in

W v

If V'— W, the functions in V' are more smooth than the remaining functions

in W. A simple example is
HY(Q) < L*(Q) and H'(Q) << L*(Q).

The following theorem is on embedding and compact embedding of Sobolev

spaces.
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Sobolev's embedding theorems @

Theorem
Let m be positive integers, 1 < p,q < oo, and 2 C R™ be a bounded open set
with Lipschitz boundary. Then the following embeddings are continuous:

L(Q) ifmp<nandp<q<
W™P(Q) < ¢ LY(Q) ifmp=mnandp<q< oo,
Cc%Q) ifmp > n.

Moreover, the following embeddings are compact:

L1
W™P(Q) == ¢ LI(Q

ifmp <nand1<q< 1B,
ifmp=mnandl<qg< oo,
co%Q) ifmp>n.

In particular, the embedding W*»(Q)) — W*=1P(Q) is continuous and compact.

Forn=2 H2(Q) = C(Q), H2(Q) =< C(Q), but H(Q) = C(Q).
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Trace thoerem @

Sobolev spaces are defined through LP(2) spaces. Hence Sobolev functions
are uniquely defined only a.e. in €. Note that the boundary 02 has measure zero
in R™, it seems the boundary value of a Sobolev function is not well-defined.
Nevertheless, it is possible to define the trace of a Sobolev function on the
boundary in such a way that for a Sobolev function that is continuous up to the
boundary, its trace coincides with its boundary-value.

Theorem (trace theorem)

Suppose that Q2 has a Lipschitz boundary, and that p is a real number in the range
1 < p < oo. Then there is a constant, C, such that

1 1
o]l 2o 02) < Cloll @b IVlA oy Fo € WHP(Q).
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Trace thoerem @
Theorem
For m > 1 and a smooth domain ) then the following embedding are continuous:
for mp < n,
-1
WmP(Q) o WMEP(OQ) — LUOQ)  for 1<q< P
n—mp

and there exists some constant C' such that
lvllLean) < Cllvllwmr )
while for mp = n,
W™P(Q) — Wmfi’p(ﬁﬂ) — LI(09Q) for 1<g<oo
and there exists some constant C' such that

lvllzaa0) < Cllvllwms@)-
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We will use the notation W1?(£) to denote the subset of W, (), consisting
of functions whose trace on 9f) is zero, that is

WP(Q) = {ve WHP(Q) : v|,, =0in L*(9Q)} .

Similarly, we let W*(€) denote the subset of W*2(Q) consisting of functions

whose derivatives of order k — 1 are in W1P(Q), i.e.

Whe(Q) = {v e WhP(@): v =0in L2(00) Vol < k:} :
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Poincare’'s and Friedrichs’ inequalities @

For any u € Wy P(Q),1 < p < 0o, we have
l[ull o (@) < CE)|ulwre;
while for any u € WHP(Q),1 < p < oo,
[ U‘Q”LP(Q) < C()|ulw.e;

where uq is the average of u over €2, namely

v
ug = — [ u(z)dz.
€2 Jo
Therefore, the Poincare-Friedrichs inequality holds:
lull1.0 < Clulia, Yu€ H(Q).

From this inequality it follows that the seminorm |- |1 o is a norm on H} (1),
equivalent to the usual H'(Q)-norm.
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Norm for the dual space @
We introduce ideas that lead to the definition of Sobolev spaces W*? for
negative integers k.
The dual space, B’, to a Banach space, B, is a set of all continuous linear
functionals on B. The following observation simplifies the characterization of such

functionals.

Proposition
A linear functional, L, on a Banach space, B, is continuous if and only if it is

bounded, i.e., if there is a finite constant C' such that

IL(v)| < Cllvllz Vv € B.

For a continuous linear functional, L, on a Banach space, B, the proposition

states that the following quantity is always finite:

L(v
IEls = sup 2
0#vEB vl B
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Example
One of the key results of Lebesgue integration theory is that the dual spaces of L?
can be easily identified, for 1 < p < co. From Hélder's inequality, any function

f € Li(Q) (where é 4 % = 1 defines the dual index, ¢, to p) can be viewed as a
continuous linear functional via

L(v) = /Qv(x)f(x)dx, v e LP(Q).

One version of the Riesz Representation Theorem states that all continuous linear
functionals on L”(Q) arise in this way, i.e., so (LP(2))" can be viewed as the dual
space of LP(Q), that (LP(f2))" is isomorphic to L4(Q).

Definition

For 1 < ¢ < oo and a positive integer r, the dual space of the Sobolev space
W4(Q) is indicated by W~"9 (Q), where ¢ is the dual index of ¢. The norm on
W74 () is defined via duality:

L(v) .
I LNl =r.a () = sup T, LeWT(Q).
0AVEW™4(RQ) [vllwra)
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