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Development of finite element method can be traced back to the work by
Alexander Hrennikoff (Russia, 1896 —1984) and Richard Courant (German
American mathematician, 1888 —1972) in the early 1940s. Another pioneer was
loannis Argyris.

In China, in the later 1950s and early 1960s, based on the computations of
dam constructions, Kang Feng proposed a systematic numerical method for
solving partial differential equations. The method was called the finite difference
method based on variation principle, which was another independent invention
of the finite element method.

Although the approaches used by these pioneers are different, they share one
essential characteristic: mesh discretization of a continuous domain into a set of

discrete sub-domains, usually called elements.
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Some important numerical methods

@ Finite Difference Method (FDM)
FDM is very easy to understand and apply. They may not be so convenient to handle
general geometries of complex domains and general boundary conditions (BCs).

Convergence often has to use the classical functional spaces C* ().

@ Finite Volume Methods (FVM)
FVM is based on local properties of the PDEs, and constructed by means of two sets of
triangulations of the physical domain 2: primal and dual triangulations. This brings
some inconvenience for the mesh generations. In general, FVMs can preserve important

physical conservations involved.

@ Spectral Methods
Spectral methods are very easy to understand and apply, and may converge with very higher
order accuracy when the solutions are smooth. But usually they can deal with PDEs only
on regular domains with simple BCs, such as rectangular domains or spherical domains.
They result in algebraic systems which are very dense, with much larger condition numbers

than the ones by FEMs and FDMs, so the discrete systems are often highly ill-conditioned.
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Finite Element Methods

Finite element methods (FEMs) can easily handle different boundary conditions and
general geometries of complex domains. A very general theory has been developed for
convergence and stability analysis of FEMs, which are applicable to the convergence
and stability analysis of many other popular numerical methods, such as finite difference
methods (FDMs), finite volume methods (FVMs) and spectral methods. The resulting
discrete systems of linear and nonlinear algebraic equations are very sparse, and can be
solved by effective preconditioning iterative methods, for instance, domain decomposition
methods and multigrid methods.

In general, FEM should not be viewed as a normal numerical method. More
accurately speaking, it should be viewed as a numerical methodology. It is so
fundamental that many other popular numerical methods, such as FDMs, FVMs and
Spectral Methods, often have to borrow the convergence analysis tools of FEMs in order
to achieve some elegant convergence in certain Sobolev spaces.
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Procedures for applying FEMs @

Mathematical models (PDEs)

—

variational problems (also called weak formulation, integral equations)

_—

approximation by FEMs

—

systems of linear or nonlinear algebraic equations Au = F or A(u)u = F, which
are then solvable either by direct or indirect methods on computers.
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One simple example

Consider the following one-dimensional two-point boundary value problem:
— (a(2)ug)z + c(x)u = f(z), z€(0,1)
uw(0) =a, u(l)=4.
Variational principle. For any v € C'(0,1) such that v(0) = 0 and v(1) =0,

using the integration by parts formula we obtain

1 1
/ (a(z)ugvy + c(x)uv) doe = / f(z)vde, Yove Hi(0,1)
0 0
where the space H}(0,1) is defined by
H(0,1) = {v € L*(0,1); v, € L?(0,1)},
HL(0,1) = {v € HY(0,1); v(0) = (1) = 0}.
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Galerkin approximation. Construct two finite dimensional spaces V" and V!

respectively to approximate H'(0,1) and Hg (0, 1):
V" ={¢0,¢1, -+ ,¢n, ¢n+1} CH (0,1), Vo' ={¢1,---,én} C Hp(0,1)

Then we can formulate:

Galerkin method. Find u;, € V" such that u;(0) = «, us(1) = 8 and
1 1 B
/ (a(@)dh ()0 (2) + c(@)un(@)on () dz = / F(@)on(z) dz, Vo, € V"
0 0

Linear system. Let u, = Z;V:I uj¢; + ago + Bén+1 and vp = ¢,
(¢=1,2,---,N), then we derive
Au = F.

Such system of algebraic equations can be solved by either direct methods: e.g., Gauss
elimination, Cholesky factorization; or indirect methods (also called iterative methods):
e.g., Jacobi, Gauss-Seidal, SOR methods, CG or PCG methods; Secant method, Newton’
s method or quasi-Newton’ s method (when the discrete system is nonlinear).
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Matrix A. A is usually a full matrix, so the storage of A can be very large,
and solving Au = F can be very expensive and unstable (since A is usually
ill-conditioned).

FEMs. V" and Voh are chosen to be piecewise polynomials with local

supports, based on a partition of the domain [0, 1]:
Th.0=x¢ <21 << a4 =1,
for instance, we may take ¢;(z) such that
¢i(x;) = dij, Vi, J.
Then we can see the following nice situation: A is extremely sparse, so it needs

very small storage, and many preconditioned efficient iterative solvers exist for

solving the resultant discrete systems.
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